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Abstract 

In this note further evidence is collected in support of the claim that the space-time 
uncertainty principle implies holography, both within the context of Matrix Theory and 
the framework of the proposed duality between certain conformal held theories and M- 
theory/string theory on AdS backgrounds. 


1. Introduction 


The holographic principle [1] asserts that quantum theory of gravity should be de¬ 
scribed via a boundary theory. In particular, the number of dynamical degrees of freedom 
should satisfy the Bekenstein-Hawking bound [2], 

The background dependent proposals for a non-perturbative formulation of M-theory, 
such as Matrix theory [3] (M-theory in the inhnite momentum frame), or proposals for a 
non-perturbative formulation of IIB string theory on AdS^ x (and similarly M-theory on 
AdS 4 ^ X S'^ and AdSf x [3,4,5,6] satisfy the Bekenstein-Hawking bound on the number 

of degrees of freedom as required by the holographic principle [3, 6]. (The boundary 
conformal held theories (CFT) in the latter case live on the boundary of the corresponding 
AdS space). 

It is our aim in this note to collect further evidence in support of the claim, recently 
presented by Li and Yoneya [8], which states that the holographic principle is implied 
by the space-time uncertainty principle [7,8,9] both in the context of Matrix theory and 
CFT/AdS duality. As it turns out, in both cases, the space-time uncertanty principle 
insures that the ultraviolet behavior of the boundary Dp-brane [10] world-volume theory 
is directly related to the infrared behavior of the theory in the bulk [7,8,9], which in turn 
implies holography. 

2. Space-time Uncertainty Principle in String Theory and M-theory 

First we briefly review the space-time uncertainty principle following the original work 
of Yoneya [7]. For a more complete account the reader is referred to the recent beautiful 
survey of Li and Yoneya [8]. 

The origin of the space-time uncertainty principle in string theory is in the time-energy 
uncertainty relation of quantum mechanics [7,8] ATAE > Ti. In string theory, the energy 
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is approximately proportional to the string length X, so that XE ~ ~ -^AX. 

Q I g 

Thns the following space-time nncertainty relation is valid 

AT AX > //. (1) 

The above formnlation of the space-time nncertainty principle can be related to the op¬ 
posite scaling of the longitndinal (inclnding time) and transverse directions of a string (or 
a Dp-brane in general) [7, 8]. Short scales (UV) on the world-volnme correspond to long 
scales (IR) in target space. In other words, if the space-time coordinates Xi{am) scale as 

Xi{a^) XXi{am), ( 2 ) 

then the world-volnme coordinates am mnst scale inversely as 

^ X am- (3) 

In [7,8] it has been also pointed ont that the space-time nncertainty principle in string 
theory is intimately related to the original Regge/resonance dnality (s-t channel dnality of 
the old dnal resonance models). For example, the Regge regime corresponds to the limit 
AX —cx). On the other hand, the resonance regime corresponds to the limit AT oo. 

The space-time nncertainty principle of the theory of closed strings is also related to 
the existence of a massless spin 2 particle in the spectrnm [7,8]. The argnment goes as 
follows: high-energy scattering gedanken experiments probe the short time scales; hence, 
AT —> 0. The amplitnde of the scattering process is proportional to AXiong ~ /.vat n-u E, 
which in tnrn implies the existence of a massless spin 2 particle, the graviton. (The 
intercept of the leading Regge trajectory a{t) is 2, which follows from the dependence of 
the scattering amplitnde on energy, = E.) 

On the other hand, the region AT —cx), which according to the space-time nncer¬ 
tainty principle corresponds to AX 0, is associated with short distance processes in 
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string theory, i.e. with the physics of D-branes [9,10,11]. It has been also pointed ont 
by Yoneya that the space-time nncertainty principle is closely related to the fact that 
pertnrbative string theory is conformally invariant [7]. 

Fnrthermore, Li and Yoneya [9] showed that the description of Dp-branes in terms 
of U{N) snper Yang-Mills theories is aslo compatible with the space-time nncertainty 
principle. In this case one examines the behavior of the low energy theory of N DO-branes, 
i.e. the action of the A/” = 16 U{N) snpersymmetric Yang-Mills qnantnm mechanics [3, 
12] (with Is = 1) 

5= [ dtTr-ihotX^f +i9Dt9+hXa,Xtf -9r^[9,Xa]). (4) 

J 9s ^ 4 

Here DtXa = dt + [AQ,Xa\- As Li and Yoneya [9] noticed, this expression is invariant 
nnder (in Aq = 0 gange) 

A ^ gl/^X, t ^ g:^/\ (5) 

which is consistent with (1). The scale gs ' Is is nothing bnt the 11-d Planck length of 
Matrix theory [3]. There are many nice physical applications of (5) [9]. For example, the 
order of magnitnde estimate of the distances probed by DO-branes is given by XX ~ 

(this follows from AT AX Ig). The spreading of a DO-brane wave packet is 

estimated from AX ~ \/vls and X ^ gs Is to be of the order of gsh/v. All these resnlts 
can be also obtained from the Born-Oppenheimer approximation for the conpling between 
the diagonal and off-diagonal U{N) matrix elements as in [11]. 

The argnment of Li and Yoneya [9] can be generalized to other Dp-branes. The 
longitndinal and transverse lengths scale oppositely with the powers of the string conpling 
constant (7 s“^A3-p) g^i/{3-p) p = 3 the snper Yang-Mills theory is conformally 

invariant). As pointed ont by Yoneya [7], these scalings are conseqnences of the fact 
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that the interactions between Dp-branes are mediated via open strings, whose respective 
longitndinal and transverse lengths satisfy the space-time nncertartainty relation. 

The mathematical strnctnre behind the space-time nncertainty principle is at the mo¬ 
ment nnknown. The simplect Lorentz covariant formnlation of the space-time nncertainty 
principle, as proposed by Yoneya [7], is to assnme non-commntativity of all space-time 
coordinates 

( 6 ) 

This relation leads immediately to eq. (1). Unfortnnately, at the moment, there is no 
satisfactory covariant formnlation of M-theory which wonld incorporate this statement of 
the space-time nncertainty principle. (See [13] for some preliminary comments regarding 
this qnestion.) 

Bnt the space-time nncertainty principle in string theory can be generalized to M- 
theory. As shown in [8], the space-time nncertainty relation of Matrix theory reads 

AA_AA„AY+ ~ /?!. (7) 

Here A_ denotes the longitndinal direction and A+ - the global time of Matrix theory. 
This follows from the fact that a' = In being the 11-d Planck length. In Matrix 

theory AA_ ~ R, the extent of the eleventh dimension; hence, (7) is compatible with 
(1). Ideally, the M-theory space-time nncertainty relation (7) shonld be nsed as a gnide 
towards a covariant formnlation of Matrix theory. 

Here we wish to point ont that (7) is consistent with the covariant formnlation of 11-d 
membrane [12], if the latter is snitably discretized (for example, along the lines of [13]) in 
order to take into acconnt the fact that the membrane world-volnme shonld be at least of 
order ifi. 
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First (7) implies the following scaling of space-time coordinates 


^ (7a) 

Notice that this relation is consistent with the classical membrane Nambn-Goto action 
Smem ^ g I where gij — diX^djX’^ggi, is the indnced metric on the 3- 

volnme of the membrane (for simplicity we consider only the bosonic case as in [13]). In 
light cone-gange [12], (7a) rednces to (5). 

Second, note that the M-theory space-time nncertainty relation (7) is consistent with 
the energy-time nncertainty relation, once we take into acconnt that the energy of the 
membrane is proportional to its area. Of conrse, strictly speaking this argnment is not 
correct, becanse the membrane is an effective object in M-theory. On the other hand 
this shonld be trne for the case of a discretized covariant membrane [13], whose volnme is 
bonnded from below by 

Finally, note that (7) implies a relativistic bonnd on the nncertainty of the transverse 
coordinate XX ~ ^JcJXXZ (c is the velocity of light), once we take into acconnt 

that cAX_(_ ~ XX. One expects, in analogy with qnantnm held theory where the nncer¬ 
tainty for the coordinate of a relativistic particle corresponds to a moment um nncertainty 
proportional to the threshold energy for particle-antiparticle prodnction, that processes 
which lead to a bonnd on XX shonld involve brane-anti-brane interactions, and shonld be 
described in any covariant version of Matrix theory consistent with (7). 

3. Space-time Uncertanty Principle, Holography and Matrix Theory 

The point of this section is to discnss evidence in favor of the claim that the space-time 
nncertainty principle implies holographic behavior in Matrix theory [8]. 

We start by reviewing the work of Jevicki and Yoneya [14]. First, these anthors show 
that there is a hidden SU{1, 1) symmetry of the Matrix theory action (4). The symmetry 
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is generated by scale transformations (D) (implied by the space-time nncertainty relation), 
time translations (H), and special conformal transformations (K) (nnder which the string 
constant, treated as a part of backgronnd held variables, also changes [14]). 

The explicit actions of D, H and K are given by [14] 

^nXa = Xa: SdAq = Aq, Sot — —t, SdOs = 3(7s 

SnXa = 0, SdAq = 0, dnt = 1, ShQs = 0 (8a) 

SxXa = ^tXa, SkAq = 2tAo, dxt = — SkQs = Qtgs- 
These transformations form an SU{1, 1) algebra 

[Sd,Sh]=Sh, [Sd,Sk] = —Sk, [Sh,Sk] = “^Sd- ( 86 ) 


Fnrthermore, Jevicki and Yoneya [14] demonstrate that the above conformal symmetry 
(which stems from the space-time nncertainty principle) taken together with the SUSY non- 
renormalization theorem [15] implies the lagrangian of Becker-Becker-Polchinski-Tseytlin 
(BBPT) [16], which is an effective lagrangian of a DO-brane probe in the backgronnd of 
heavy DO-brane sonrces. (The BBPT lagrangian [16] is compnted in the framework of 
a discrete light-cone formnlation of Matrix theory [17], where the nnmber of partons N 
is kept hnite.) This lagrangian is valid in the limit of large distances and small relative 
velocities [16] (with Ig = 1) 


Seff = - j - h{r)v^ - 1), 


where the static DO-brane backgronnd is described by h{r) = h _(r) = 2 p^- 

Now, in the limit of mean held theory, the BBPT action implies holography. This 
particnlar fact has been already demonstrated in the stndy of nentral black hole - like 
bonnd states of DO-branes in the inhnite momentnm frame [18]. The characteristic size 
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of such a bound state is essentially the Schwarzschild radius Rh- The characteristic ve¬ 
locity of DO-branes in the inhnite momentum frame is determined by the inverse of the 
boosting parameter, or basically from the Heisenberg uncertainty relation vRh ~ 1- The 
Bekenstein-Hawking scaling relation for the black-hole entropy S R^-‘^IGd: in D- 
spacetime dimensions, follows after the virial theorem is applied to (9a) (at the transition 
point S N [18,19]). Thus we conclude, though indirectly, that the space-time uncertainty 
principle together with the SUSY non-renormalization theorem implies holography. 

Note that this picture can be, at least formally, generalized to the charged black holes 
discussed in [20] (I thank S. Chaudhuri and M. Li for many discussions regarding this issue): 
For a large boost the energy E and momentum P of a charged black hole are according 
to [20] E ~ fiAexpa, P ~ fiAexpa, following the notation of [20]. Also, the black hole 
mass scales a,s M fiA ~ where A{(3i) = (A -1- cosh2/3i) and C{(3i) ~ 

and i?(/9i) = 11^=1 again following the notation of [20]. 

Thus, the black hole longitudinal momentum is determined as P r\-/ pD 1/2 ^ 

us concentrate on the special point P = N/R. The boosting parameter exp a is given 
by expct ~ C^I’^PhjP. This parameter determines by how much the box of size P has 
to expand to accomodate a charged black hole [20] of the horizon radius Ph- Suppose we 
postulate that the radius of the bound state r\, is related to the horizon radius via P^ ~ 
TbC 0-4. The physical meaning of this relation is simple: the line elements of [20] roughly 
have the Reissner-Nordstrom form, which implies that there should exist two characteristic 
scales describing the physics of charged black holes. The presence of charges is hidden in 
the complicated function C, which we take as a phenomenological input. The two scales 
naturally coalesce into one, Rh, if we consider a neutral black hole. The characteristic 
partonic velocity is determined by the inverse of the boosting parameter exp a, that is. 
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V ~ Then the application of the virial theorem to the BBPT effective lagrangian 

gives the Bekenstein-Hawking formnla at the special point N ^ S, i.e. S ^ N ^ . 

The virial theorem and the hrst law of thermodynamics imply the eqnation of state (after 

D-2 D-2 

we ntilize the Bekenstein-Hawking scaling) S ~ (NT/R) d-4,C . This relation tells ns 

that Rh ~ {NTGd/R) d-4(Jd-4 ^ which is exactly the relation between the size of the 
bonnd state rt and the horizon radins Rh, if the size of the bonnd state is dehned to scale 
as ~ (NTGd/R) • Also, the inhnite moment um dispersion relation Eic ~ M'^R/N 
leads to ~ /A), which agrees with [20]. When (7 —^ 1 we 

recover the familiar expression for the Schwzrschild black hole, as expected. 

Another way to see holography of (9a) is to realize that the BBPT effective action is 
nothing bnt the Einstein-Hilbert action Seh = — / dx^^^R, written in the inhnite 

moment um frame [21], in the limit of large distances and small relative velocities. Then 
by formally applying the Gibbons-Hawking argnment [22, 23] to the enclidean partition 
fnnction dehned by the above action one hnds that the entropy satishes the Bekenstein- 
Hawking scaling. One might expect that this formal connting is valid in this case becanse 
one is only looking at the low-energy behavior of Matrix theory. Bnt a word of cantion is 
needed here. Strictly speaking, we cannot nse the Gibbons-Hawking argnment given the 
cnrrent dictionary between Matrix theory and 11-d snpergravity [24]. In the linearized 11-d 
snpergravity one cannot talk abont black hole bonnd states, so the above scaling argnments 
do not apply. On the other hand there exists a very beantifnl argnment dne to Jacobson 
[25], which essentially states that a holographic theory of gravity which satihes the nsnal 
axioms of qnantnm held theory in cnrved space time, implies the fnll non-linear strnctnre 
of general relativity. In onr case this wonld translate into a statement that holography in 
Matrix theory (as implied by the space-time nncertainty principle) together with locality 
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should lead to the full non-linear structure of 11-d supergravity. But to be able to directly 
apply Jacobson’s argument [25] we also need a fully covariant version of Matrix theory. 

Fortunately, we can do better than to observe holography in Matrix theory in the 
background of static DO-brane sources. Using the recent powerful results of Okawa and 
Yoneya [26] on the full structure of 3-body interactions in Matrix theory at hnite N, we 
can argue that holography is valid even when many-body interactions of DO-branes are 
taken into account. 

Indeed, the effective lagrangian that describes 3-body interactions of DO-branes ac¬ 
cording to Okawa and Yoneya has two pieces (eqs. 2.53 and 2.55 of [26]): 


and 


Lv = -J2 

a,b,c 


(15)‘^NaNi,Nc ^ 2 ^,2 — 7 

g4^5j^l8 '^ab'^cai'^ab ' VcajT'^i T 


Ly - 96(27r)4i?^Ml8 ^ '^bc^cai'^cb ■ Vc)(Uca ' Vc) 

a,b,c ' ' 

+ ■ Vc)^ + ]^vl^{Vca ' ^cf “ ' Vc)(u6c ' Vft) 

+ \'^bc{'^ba ■ ^b){Vca ' Vc)]A(a, 6, c) 

where A(a, h,c) = f d^yjxa — y\~'^\xb — y\~'^\xc — y\~'^ and a, 6, c are particle labels. 

It is now easy to see that both Ly and Ly lead to the Bekenstein-Hawking scaling 
if the relative velocities of particles saturate the Heisenberg uncertainty bound ur ~ 1 at 
the transition point S ^ N iiv the large N limit. The Ly term is much more subtle than 
Ly in this respect, but the scaling argument still works. The effective lagrangians for 
2- and 3-body interactions follow from the general structure of (4), which is compatible 
with the space-time uncertainty principle, thus supporting the claim that the space-time 
uncertainty principle underlies holography in Matrix theory. 

We end this section with a simple observation about the hidden SU{1, 1) ~ SO{2^ 1) 
symmetry in Matrix theory [14]: In [27] it was argued that in the large N limit there exists 
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an 5'0(1,2) x 5'0(16) symmetry in Matrix theory. This shonld be compared to the well 
known fact that the 11 -d snpergravity can be formnlated in snch a way so that the same 
symmetry is made manifest [28]. Notice that the 5'0(16) symmetry is not an isometry of 
any compactihcation of the 11-d snpergravity. Rather this 5'0(16) natnrally appears as a 
local symmetry of the 11-d snpergravity dimensionally rednced to 3-d [29]. 

4. Space-time Uncertanty Principle, Holography and AdS/CFT Dnality 

In this section we comment on the claim that the space-time nncertainty principle 
implies holography [ 8 ] in the context of CFT/AdS dnality [30]. 

The argnment of Snsskind and Witten [30] relies on the connection between the UV 
behavior of the bonndary conformal held theory and the IR behavior of the bnlk AdS 
theory of gravity. In fact, this UV-IR relation of Snsskind and Witten is nothing bnt the 
statement of the space-time nncertainty principle, as we have seen in section 1 . (eqs. ( 2 ) 
and (3)). 

The argnment for the holographic bonnd goes as follows [30]: The nnmber of degrees 
of freedom N^of per nnit volnme in the bonndary CFT theory {Af = 4 snper SU(N) 
Yang-Mills in 4-d) scales as 

Ndof ~ ( 10 ) 

where 6 is an UV cnt-off of the world-volnme CFT 4 theory which lives on the bonndary 
of AdS^. The spatial volnme of the bonndary theory is V 3 = Rf/S^ which implies 

Ndof ~ VsNynl ( 11 ) 

Bnt CFT/AdS dnality, following the original work of Maldacena [4], relates N and the 
radins of AdS^ 

Rb = ls{9sNy/\ ( 12 ) 
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which in combination with eq. (10) gives the Bekenstein-Hawking bonnd. 

The argnment of [30] can be readily generalized for the case of membranes and hve 
branes [8]. The relevant nnmber of degrees of freedom in the former case shonld scale as 
and in the latter as . The latter scaling might be natnrally interpreted if we had 
a non-abelian formnlation of theories involving two-forms, which we don’t. 

Bnt the relationship between and N'^ conld be nnderstood from the following 

pictnre: Imagine a covariant formnlation of Matrix theory in which the world-volnme of 
the M-theory membrane is snitably discretized, as described in section 2. The covariant 
formnlation shonld also natnrally inclnde the covariant M-theory hve-brane. Given the 
fact that in Matrix theory [31] the longitndinal hve-brane wrapped aronnd the longitndinal 
direction can be seen by stacking two orthogonal transverse membranes, we can envision 
stacking two orthogonal discretized membrane world-volnmes in covariant Matrix theory 
to get a covariant M-theory hve-brane. Then in order to match the energy densities of 
two objects the nnmber of degrees of freedom of the theory that describes the discretized 
membrane shonld be sqnare root of the nnmber of degrees of freedom that describe the 
covariant M-theory hve-brane. Hence degrees of freedom of the hve-brane theory imply 
degrees of freedom of the membrane theory, as it shonld be. 

Actnally, we can extend the argnment Snsskind and Witten, to inclnde conformal held 
theories in other nnmber of dimensions. (This has been noticed in conversations with M. 
Li.) For the cases considered above the nnmber of degrees of freedom in d-dimensions goes 
as Then, there shonld exist a snperconformal qnantnm mechanics with degrees 

of freedom, and a hve dimensional snperconformal theory with A^^/^ degrees of freedom. 
The two dimensional snperconformal held theory with N abelian degrees of freedom also 
hts this pattern. The argnment of Snsskind and Witten which gives Bekenstein-Hawking 
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scaling in the end, works nicely in each of these cases. 


5. Background Independent Holography via 2-Hilbert spaces? 

The above discussion of the space-time uncertainty relations and holography is ob¬ 
viously background dependent. (One possible exception to this statement is the theory 
proposed by Hofava [32].) In conclusion to this note, we wish to point out that background 
independent holography might be understood via the concept of 2-Hilbert spaces, in anal¬ 
ogy with a kinematical set-up proposed by Crane [33] in relation to 3 -|- 1 dimensional 
quantum general relativity (see the article by Smolin [33] for a nice review). 

The main idea of Crane [33] is that a background independent holographic theory, 
such as quantum gravity, should not be described in terms of a single Hilbert space, but 
in terms of a linear structure which is spanned by basis elements which are also taken to 
be Hilbert spaces (such structures are called 2-Hilbert spaces; see the review of Baez [33] 
for the precise mathematical set-up within the framework of category theory.) 

Very roughly, according to Baez [33], the basic objects of 2-Hilbert spaces are hnite 
dimensional Hilbert spaces (replacing vectors as the basic elements of Hilbert spaces). The 
zero object (the analog of the zero vector) is a zero-dimensional Hilbert space; the analog 
of adding two vectors is forming the direct sum; the analog of multiplying a vector by a 
complex number is tensoring an object by a Hilbert space, and the analog of the inner 
product of two vectors is a bifunctor taking each pair of objects a, 6 of a 2-Hilbert space 
to the set of morphisms from a to b. 

Thus, following Crane, the background independent 2-Hilbert space of the bulk quan¬ 
tum theory of gravity should be constructed in terms of component Hilbert spaces of the 
appropriate boundary theories. We want to illustrate this idea within the framework of 
Matrix theory: A Hilbert space in Matrix theory is represented by block diagonal matrices 
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[3]. Denote such a Hilbert space by In order to realize the idea of Crane [33] we 

suppose that each of these Hilbert spaces can be taken as a component of a 2-Hilbert space 
{Hilb). In other words, an element H 2 of Hilb can be written as a linear combination of 

Tji 

^ bound 

H 2 = (13) 

i 

Now, let each Hhound satisfy the holographic bound (i.e. let the dimension of a particular 
Hbound be determined by the appropriate boundary theory). This implies the holographic 
bound on the dimension of the bulk 2-Hilbert space, and therefore - background indepen¬ 
dent holography. Coming back to our membrane analogy from section 2., the corresponding 
2-Hilbert space can be concretely envisioned as a collection of transverse membranes, each 
representing the Hilbert space of a particular background. 
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